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«MSATKHUE» BBIYMCJIEHNSI HA OCHOBAHMY MOJEJIE KPOHEKEPOBOIA
(TEH30PHOW) AJITEGPEI

PaccmaTpuBaroTcs BOIIPOCH! MPEICTABICHUS O0BEKTa B YCJIOBHSX HEONPENCICHHOCTH, B TOM YHUCIC MPe-
CTaBJICHUSI HEYCTKOW NMEPEMEHHOH B BHJEC HEUETKOrO MHOXKECTBA B (JOpME TEH30PHOW MOJENH JBYX BHJIOB:
KpoHekepoBo (TeH30pHOE) NMPOM3BEACHUE 3HAYCHUS U (PYHKIMU MPUHAIJISKHOCTH M MHOIMOMEPHBIH MACCHB.
[NokazaHa panoOHATLHOCTh MTPUMEHEHHS TEH30PHOTO Moxo/1a (0a3rca) K MOICIMPOBAHHIO HEONPEICIEHHOCTH,
JIAIOIIEMy BO3MOXKHOCTh MCKIIIOYMTH MPHU aHaln3e (QYHKIHIO TMPUHAAISKHOCTH. [IpuBeeHbl TpUMephl peaju-
3aIMU OlePalliii HEUETKOW MaTeMaTUKK B TEH30PHOM 0a3uce Kak MPOLEAYPhl «MATKUX» BbIUUCICHUH.

We consider the questions of presentation of object in conditions of uncertainty, including fuzzy variable,
present in the manner of the fuzzy set, in the form a tensor’s models of two types: Kronecker (tensor) product a
value by membership and multivariate array. We are Shown rationality of using an tensor approach (base) to
modeling of uncertainty, enable exclude at the analysis a membership function. Examples to realization of oper-
ations fuzzy mathematicians as procedures "soft" calculations are cited.

BBepeHue

VYnopaBieHue B YCIOBHUSX HEONPEIEIEHHOCTH
MIPEJICTaBIISIeT KIIOYEBYIO MPOOIEMY COBPEMEHHOM
TEOpPUM W TPAKTHKHU ympasieHus. [IpemnoxxenHas
JI. 3ame mapangurmMa — T€OpPUS HEUYETKUX MHOYKECTB
(THM) — no3Bosiiia pemuTh psi MPUKIAIHBIX 3a-
nad [1]. O6001meHHOe MOHATHE HEOTIPEACICHHOCTH
BIIEPBBIC paccMOTpeHo B pabortax M. bmka [2].
Oynkiuu npuHaaiexHocTH (PI) mo3Bomnu 06-
BLEKMUBHO TIPEACTABUTH CYOBLEKMUBHO OTIPEEIICH-
Hble OOBEKTHI U TEM CaMbIM PACHIMPUTH BO3MOXK-
HOCTH NMpUMEHEHMs (MIPUHLIUI HEYETKOrO PacIliu-
penus (ITHP)) cranmapTHBIX METOJIOB U MOJICIICH K
yCIOBUSIM HEOIpeAeIeHHOCTH. HenocTarouHoCTh
@Il ¢ ToukM 3peHus MNpeACTaBICHUS Heompene-
JIEHHOCTH ObLIa MOKa3aHa MPAKTUYECKU OJTHOBpE-
MEHHO C co3/1anueM Teopud HM.

B pabotax [3, 4] npemioxeHsl T.H. UHMYUYUO-
nucmckue HM (IFS), ompenensemble Ha yHUBEp-
cyme U: IFS Hag U — MHOXECTBO yNopsiI0U€HHbBIX
TPOEK: DIIEMEHT YHHBEPCYMa, CTENEeHb YJICHCTBA
M, crenenp He-uneHcTBa N Tak uto M+ N<1 u
M, N € [0, 1]. Korma M + N = 1 nonyuaem HM, u
eciiu M+ N <1 ectp HeompeneneHHOCTh [4], Ko-
topas paBHa | =1 —M —N. Ha ocHoBanuu ymops-
noueHHBIX Tpoek |FS momomuuTensHO mpemmoxe-
Hbl HeCKoJbko o0000menuit HM. B mocnennee
Bpems npumenenrne THM pacumpuinocs HacTOJIb-
KO, YTO BO3HUKIU COMHEHHUS B IMPABOMOYHOCTH
Takoro noaxona. B padore [5] ormeueHo, uTO TEO-
pus HM « ... Haubonree ycnewno ucnonvzyemcs

mam u moaoa, 20e u Ko20a HeyemkoCcmv HOPOI’C-
oaemcsi NpUCYmMcmeuem Yelo8ekd U e2o pasymay.

[Ipennoxennas JI. 3age ®II Tpedyer 6e3ycnoB-
HOTO OIpEeNeIeHUs] METOJ0B €€ MOJyYeHHUs U olle-
pauuu Hag HUMH. B nenom psne ciydae @I no-
JYYUTh WIM HEBO3MOXKHO HJIM €€ 3BPUCTHYECKAs
bopMyIHpoBKa HE OTpakaeT OOBEKTUBHBIX YCIIO-
BUI sIBIIEHUSI WM mpornecca. «CleIcTBUEM 3TOU
HEJOCKA3aHHOCTU CIYKHUT «300MapK» OIeparuii
HaJ HEYETKHMMH MHOXECTBAMH, 3a MOCIEIHHE TO-
Il Pa3poCIIMICA B paMKaxX 3TOW TeopuH 0 He-
MPUWIMYHBIX pa3MepoB...» [5]. B pabortax I'. Kpona
[6] moka3aHoO, 4TO MpeCcTaBlIeHHEe 0OBbEKTa MCCIIe-
JTOoBaHUs (M3MEpPEHUs) B BUAE TEH30pa €CTh OoJiee
aJIcKBaTHBIM, Y€M B BHJIC BEJIUYUHBL. TeH30pHas
MOJIETIb TO3BOJISIET aHAIU3UPOBATh OOBEKT B pas-
HBIX CHCTE€Max KOOPJAMHAT, MOHUMAas IOJ CHUCTe-
MaMU HE TOJBKO JEKapPTOBBI (IIPSIMOYTOJIbHBIE WIIN
KOCOYTOJIbHbIC, IPSIMOJIMHEHHbBIE WIIH HEMPSIMOIIU-
HEelHbIe) KOOPIUHATHI, HO U TOYKH 3peHHs. SIBmsie-
TCA €CTECTBEHHBIM U 3aKOHOMEPHBIM PACCMOTPETh
HEONPENENEHHOCTh, HAJIOXWUB MHUHHMMAJIbHBIE OT-
paHHUEHUs Ha €€ CYIIHOCTh, He mpuberast K JA0Mo-
nHuTenbHbIM dBpucTUKaM thuna PII wim IIHP, Ha
YPOBHE TEH30PHBIX MOJIENEH.

CoBpeMeHHOe COoCTosiHue uccrnegoBaHumn

THM xak crioco0 omrcaHusi HEOTIPEIEICHHOCTH
MMEET MPSIMYIO CBS3b C U3BECTHOM maeen ['anumnes
0 Koopournamuszayuu. JIo0bie 0OBEKTHI, SBIISIOIIN-
ecd MpeIMETOM MAaTEMAaTUYECKOTO HCCIIEIOBaHUS:
KPUBBIC, TIOBEPXHOCTH, OTOOPAKEHUS, BETMUUHBI U
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Jpyrue MOryT OBITh «KOOPAWHATH3HPOBAHBD) WIIH
«a3MmepeHsl». Ho s Takol KOOpAWMHATH3ALUU
«OOBIYHBIX» YHCel, OOBIYHON CTaHAAPTHOH (apxu-
MEJI0BOM) METPUKHU, KaK IOKa3bIBA€T IPAKTHKA, B
LEJIOM psie CIy4aeB JaJeKO HE JO0CTaTOYHO.
Berpewasicb ¢ HOBBIM THUIIOM OOBEKTOB, HEOOXO-
MO paccMaTpuBaTh UX «B YCIOBUSAX HEOIpEe-
JIEHHOCTW», JUIsl KOTOPOM MOXET NOTpeOOBaThCs
KOHCTPYHPOBATh U HOBBIE TUIIbI «BEIMYUH» (00be-
KTOB), YTO MX KOOPJIMHATU3UPYIOT, U HOBBIE MET-
puku. Hamomaum, uro 0000LIIEHNEM OHATHS YU C-
Ja ABIISETCS Mampuya, KOTopas B 00ILIeM ciydae
paccMmaTpuBaeTcs Kak MPOeKIHs TeH30pa.

B paGote [7] packpsitel ocobennoctu HM kak
(dbopMbl MOJENUPOBaHUS HeompeneneHHocTH. OT-
MEYEHO, 4YTO Mepexo]] OT OOBIYHON XapaKTepUCTHU-
yeckoil ¢yHkiuu MHoxectBa K DIl ecth coBep-
IMIEHHO €CTECTBEHHBIM, onHako, uaes HM kax ®II
He sBageTcs eqnHcTBeHHOM. Pa3zsutne THM B cBi-
3ke ¢ OI1 He 0053aHO UATH B HAMpaBJIeHUU Oe3yc-
noBHOTO Mcnoap3oBanus PII, Tak kak B psage cu-
Tyarui @Il mocTponTh HEBO3MOXKHO WJIM OHA Ta-
KOBa, YTO HE OTpakaeT NEUCTBUTEIbHOW HH(OP-
MalluH, 3aJI0)KEHHON B SMIIMPHUYECKOM YTBEpKIe-
HuM. Hedetkyro MaremaTuky B [7] peKOMEHIyeTCs
paccMaTpuBaTh B BUJIE CUCTEMBI 00pa3yromux (Bo-
3MOXKHO Jla)kKe OCCKOHEYHO), Ha KOTOPOH 3a/JaHbl
MpaBUJIa Mepexoja OT OJHUX 00pa3yloluX K Apy-
ruM. COBpEMEHHBIE HCCIEAOBAHUS HEOIPEACIICH-
HOCTH, MojienupyemMoii B popme HM, mokassiBaror,
YTO CO3/IaHHE HOBBIX OINEpalllii Ha OCHOBE aHaJo-
rOB KJIACCUYECKUX — PE3yJbTaT NEPECEUCHUs WUIU
o0beIMHEHUS — HE eCThb pauuoHanbHbIM. Ormepa-
LMY HEYETKOW MATEMAaTUKU JOJDKHBI ONPEIEIISTHCS
AKCIIEPUMEHTANIbHO. 3aBepias 0030p paboTsl 7],
YKa)XeM, 4TO COBPEMEHHBIN MOX0J K MOJEIHPOBa-
HUIO HEONPENEIECHHOCTH COCTOMT HE B CO3JaHUM
HOBBIX crnioco6oB noctpoenus PII, a B cozmanuu
MEXaHU3MOB U3BJIEUCHUS] HEYETKOCTH, YTO, B CBOIO
odepellb, MPUBOJUT K HOBOW KOHLIEMIMH IOIy4e-
HUS HEUYETKUX 3HAHUMH.

B 57011 cBsI3M yKakeM, 4TO TEH30pP €CTh 0ObEK-
TOM, KOTOPBIH MOXET MOJEIMPOBATH MHOMXKECTBO
OTJENbHBIX 3HAaYEHUH, B TOM YHCIe HEYEeTKUH (He-
OJITHO3HAYHBII) 00BEKT, HE TpeOys MpU ITOM 00s5-
3arenpHOro HazHaueHus DIL. [Ipu HeoOxoaMMOCTH
napameTp, aHanornybiii @II, Bcerga MoxeT ObITh
MPUOIMKEHHO BBIYUCIICH.

MocTaHOBKa OCHOBHbIX 3a4au4

IIpoBeneHHBI aHaAMN3 MO3BOJWI OINPENEIUTH
00CTOATENBCTBA, KOTOpbIE OOYCIOBUIM CrelU(u-
Ky IIOCTaHOBKH 3aJau:

—  HEONPEIEJICHHOCTb MpPEACTaBIsAET CcoOOM
CIIO)KHBIM OOBEKT, MpEeArosararb BO3MOXKHOCTb
pelieHys 3a/1a4, ONUpPasCh UCKIIOYUTENIBHO Ha Te-
oputo HM, uTo umeeT MecTo ceroius, abCOIOTHO
HEIMPaBUIILHO;

- teopuss HM B COBpeMEHHOM BUJE UTHOPU-
pyeT MoJIydeHUE HOBBIX 3HAHHUH, B T.4. HEUETKHX,
Ha OCHOBAHUM MPECTAaBIEHHON HH(OpMALIUH.

Oco06eHHOCTH MOCTAaHOBOK OCHOBHBIX 33]1a4 CO-
CTOSIT B CJIEJIYIOILIEM:

—  YCIOBHUSL HEONPEJEJICHHOCTH OrpPaHUYEHBI
CIEIYIOIMMH CIIydasMU: HEYeTKas IepeMeHHas
(HIT) xax snement HM- nmoamHoxkecTBa ynopsio-
YEHHBIX Map, UHTEPBaJl, YUCIOBOU Psijl; TEH30PHOE
(MaTpuyHOE) TIpe/cTaBlIeHne 00BEKTa B YCIOBHSIX
HEOTpEeNIEHHOCTH (HEOJHO3HAYHOCTH) Ui BCEX
paccMaTpuBaeMbIX CIIy4aeB, YTO JOJKHO JaTh BO-
3MOKHOCTb IOJIy4€HUSI HOBBIX 3HaHHUI U3 paccMma-
TPUBAEMBIX YCIIOBUN HEONpeAEeNeHHOCTH (HEOAHO-
3HAYHOCTH);

—  BBHITIOJIHCHHE apUPMETHUSCKUX OTepaIni
IIPU TEH30PHOM IPEJCTABICHUN OOBEKTOB JI0JKHO
WCKITI0YaTh BO3MOXKHOCTh CYOBEKTHBHBIX OIICHOK
WJIN BBIBOJIOB;

— HeobxoauMo obecrnevyuTbh MHBapUAHTHOCTH
pe3ynbTaToB 1o oTHomeHuio Kk DI unu B o0mem
ciydae OTKa3 oT ucnoJib3oBanus OII;

—  HUCKJIIOYHTH WIH 1O BO3MOXHOCTU OTpaHU-
YUTh NPUMEHEHUE OHBPUCTUK IPU BBINOJHEHUH
apu(QMeTUYECKUX U JOTHUYECKHUX OTepariuil.

MpepcTtaBneHune HI cucremon
TEH30pPHbIX Moaenen

Hanenenne oO6bekTa (mepeMeHHOM) CyObEKTHB-
Hoi ®II co3zmaeT HOBBIN (O0JIEE CIOXKHBIN) 0OBEKT
— HII, yeM TOT, KOTOpBIN 3aJlaH MEPBOHAYAIBHO, B
3TOM JOCTOMHCTBO WU Hemoctatok THM. Tenzop-
Hasi MOJIETIb CO3JAeTCs Ha MEPBOHAYAIBHOM JTarie
U HE HaJIeNsIeT O0BEKT JOMOTHUTEILHBIMU CBOUCT-
BaMU. MogenupoBanue 00beKTa B TEH30PHOM 0Oa-
3HCE €CTEeCTBEHHO TpeOyeT COOTBETCTBYIOIIETO
MoJlenupoBaHus apupmeTrueckux (anredpanyec-
KHUX) OMNepaluii HaJ HUMH M JIOJDKHO BKJIIOYATh
JTAarbl:

—  Bmyanuzanus TeHzop-nepemeHHbix (TII),
oTpeieNieHne parroHanbHOU Gopmbl Moaenu (1ie-
71€co00pa3HOCTh U BO3MOKHOCTH HCIIOIH30BAHUS
TEH30POB HU3KHUX PAHTOB);

—  BUBYyaJIM3alus anreOpanyecKux omepanui
HaJ] TEH30P-TIEPEMEHHBIMU U UX HHBAPUAHTAMU;

—  ONpeJelieHHe CBSI3U MEXKIy pe3ylbTaTaMu,
MOJIyYEHHBIMH B TEH30pHOM Oasmce, U pe3yiabTa-
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TaMH, noiaydeHHbiMU npu nomomu ITHP Ha cran-
naptHeix HM.

MogenupoBanue ornepanuii HEYETKOW MaTeMa-
TUKHU JIOJDKHO BKJIIOYATh ONPEEIIEHHbIE IIPEJOCTE-
PEXKEHHUsI, €CIIM OHU BBINOJIHAIOTCA B OIPEEIICH-
HOM MOJENBHOU cpese, B YaCTHOCTH, yYUThIBATh
0COOEHHOCTH CHCTEMBI MAaTEMaTHYECKOTO MO/ICITH-
poBanusi Matlab. Dto kacaercs, mpexnme Bcero,
TJIaBHBIX OIpPEENIEHUH U CHOCOO0B peann3aluu
omnepauuu. B cucreme mareMaTnyeckoro Mojeiu-
poBanus Matlab ve mpoBoauTcs paznuuus mMexmay
HY u HII, xoTs, kak noka3ano B [8], MexX1y HUMH
€CTh CYIIECTBEHHOE pa3jMuue, HO MCIIOJIb30BAHHE
CUCTEMBI 3aCTaBJIsIET HTHOPUPOBAThH 3TO 0OCTOSITE-
necTBO. Kpome Toro, HeyeTkas apudmMeTrka mocT-
pO€HAa Ha HBPUCTUYECKOM MPUHIUIE HEYETKOTO
pacimupenus [4], KOTOpbIi HE omMpesenseT Belu-
ynHy, oOparnyto HIT unu HY.

[THP mo3Boiui mepeHecTd BCE ONeparuy 4eT-
KOW apudmMeTuku Ha HedeTKyro. Ero MoxxHo pacc-
MaTpuBaTh Kak MPUHLMI UHEapuaHmuocmu apud-
METHYECKHX OTepaluii OTHOCUTEILHO 3aMEHbl TH-
na nepeMeHHo# (4yeTkas <> Hederkas). Ho Heko-
TOpbIE TOHSATUS B YCJIOBHSX HEOINPEAETICHHOCTH
KpOME MAaTE€MaTH4EeCKOIO COJAEP)KAHUA JOJIKHBI
IIOJIy4aTh, ¥ MOJIY4arOT HA MPAKTUKE IOIIOJHUTE-
JBHBIE YAAPEHUs, 3TO Kacaercs, B 4YaCTHOCTH, I10-
HATUS PACCTOSTHUS.

Heuemxaa mamemamuxa, XKak IIOKa3aHO B pa-
6orax [9, 10], addexTuBHO peanusyeTcs B TEH30P-
HOoM ©Oasuce, eciau BBecTH aHaior HII — tenzop-
HepeMeHHYI0, onpeneisieMyro kak Kronecker’oeo
(TeHzopHOe) npousBeneHue nap «3Hauenue — OI»
U BBIYMCIEMYIO HAa YHMBEPCAJIbHOM MHOXECTBE
E{x}, rle xe E, WIK TOJHBKO Ha «YCECUCHHOMN»

COBOKYIMHOCTH YHNOPSAOOYEHHBIX map {(x, y;(x))},
vxe E, XeE. I'me #;(x) — @I, mpuHUMaroLas
CBOM 3HaueHHUsA Ha MHOXecTBe M 3Hauenuit ®II u
OTpEIEIISIONIasl CTENEHb MPUHAJIICKHOCTH X B A ,
TO A — HEYETKOE MMOAMHOYKECTBO MHOXKECTBA
E, u; - [01]. Hanpumep, mna @I Tuma
trimf (x,[abc]) MoxnHO ompeaenuts TII Ha YM
WA TOJIBKO HA MHOKECTBE 3HaUCHUM [abc]e E .
bynem paccmarpuBaTh HEONPENEIEHHOCTh Kak
CUTYalHI0, B KOTOPOW MPUCYTCTBYET HEOJHO3HAY-
HOCTb, B YACTHOCTH, OIPAHUYUMCS TEM CIIy4aeM,
Kor/1a u3MepeHue (TpeacTaBlieHne) COCTOSHUS 00-
BEKTA UCCIIEIOBAHUS WU €T0 OTIEIBHBIX XapaKTe-
PUCTHK BO3MOXKHO B BUuAe HM, BKiItouas HeUeTKun
WHTEPBAJ U BBICKA3bIBAHUSI €CTECTBEHHOTO S3bIKA

THIIA ((GOHBH_IC», «MCHBLIC, «OIU3KO K ...», «IIpHU-
OJIM3UTENBHO OJIMHAKOBO ... » U 1Ip.

[Ipemioxxennbie ciydan HEOOXOIUMO MpecTa-
BUTh B YHU(DHUIIMPOBAHHOM BHJE, IMO3BOJISIONIEM
NPUMEHATHh CTAaHIAPTHYIO MaTeMaTUKy, MHUHUMa-
JBHO TPEOYIONIYIO AOMOJHUTEIBHBIX PACITUPEHUH,
OCHOBAaHHBIX Ha JBPUCTHYECKUX «IIPABIOTO00-
HBIX» npeanoyioxeHusx [11]. YuureiBas Henzoex-
HYIO «MATKOCTB» BBIUMCICHUHN, KEJIATeIbHO IMpe-
JTyCMOTPETh MUHUMAJIbHBI KOHTPOJIb TOUHOCTH.

YToyHuM paccMaTpuBaeMble 0OBEKTHI B HOTa-
muu THM:

HII ¢ npouzBosibHOM DI —

ivar :{Xi//uix}a i=1n;

= X X X . (l)
Xva ={Xo L pty  Xo Lty sy X L gt 35
HIT ¢ Tpeyronsuoi ®IT —
Xuimt = {Xi [ i 3 ={x1/0,%5 /1, X5/ 0};
WHTEpBaI —

=xox] =X ] = D e
HEYETKUU MHTEPBAT —
“Io=[x luil,i=1,4;
1 =[x /0, x5 /1, x5 /1, x4 10].

B cooTtBerctBuM ¢ pabotoi [12] TeHzop 31O
MHOTOMEpHBIN MaccuB. bonee d¢opmanbao, N-
MepHBI Wi N-TIOPSIAKOBBIA TEH30pP — 3JEMEHT
TEH30pHOTO TmpousBeAeHus N BEKTOPHBIX MPO-
CTPaHCTB, KaXJ0€ U3 KOTOPBIX UMEET coOCmEeH-
HYI0 cucmemy KOoopouHam. ITO TOHSTHE HE MPO-
TUBOPEUYHUT TOHSATHIO T€H30pa B (hpuU3MKe (TEH30D-
HOE I10JI€) ¥ B MH)KEHEPHOM MPOEKTUPOBAHUU (Te-
H30p MONIHOCTH, Hampumep, B cmbicie ['. Kpona
[6]). TeHzop TpeThero mopsika UMEET TPU WHIEK-
ca, TEH30p BTOPOTro MOpsiika — JBa WHAEKca (Mat-
pulla), OJHOMOPSAKOBBIA TEH30p — OJUH HHIEKC
(BEeKTOp), TEH30PHI MOPSAIKA TPU U BbIIIEC HA3BAHbBI
BBICOKOIIOPSIKOBBIMHU TEH30PaMH.

IMpeacrasum HII ¢ mpoussonasHoii OIT (1) B Bu-
JI€ JIBYX MAacCHBOB OJHOMEPHBIX BEKTOPOB

X={X,, X,,..., X,} H wo =Ly, oy TI

T T
ompeneneHa Kak Ty = X ® uy , TO€ UHAEKC — CH-

MBOJI TpaHcnionupoBanus. TII ¢ maTtpumamu 9 x 9
u 3 x 3, coorBercrByrouiue HII npumepno 5 ¢ tpe-
yronpHOM @II, mpuBegenst Hike: TDt — TII,
onpenenenHas Ha YM, TDts — yceuennas TII,
TDtsO — ceprka.

TIT TDt.x = [0:10/8:10];
muxDt = trimf (x, [1 5 7]);
TDt = kron (muxDt, x);
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(O 0 0 0 0 0 0 0 OW

0 008 047 086 125 047 0 0 0|
{o 016 094 172 250 094 0 0 oI
0 023 141 258 375 141 0 0 O]
Io 031 188 344 500 188 0 0 oI
lo 039 234 430 625 234 0 0 Ol
Io 047 281 516 750 281 0 0 oI
o o055 328 602875 328 0 0 O]
Lo 063 375 688 000 375 0 0 0 J

x =[0:10/8:10];
TDts = kron ([15 7], [0 1 0]");

TDts =(f.0 5?0 78\

Lo ooJ

(0.3385 0.7292 Ow
TDts 0 = ceepmra (TDt) =, 0.8854 3.3073 O
L1.4323 5.8854 OJ

Hopwmsr:
[norm (TDts, 'fro’) norm (TDts0, 'fro")]
7.0042 8.6603

OrMmeruM oOcCHOBHBIE ocoOennoctu TII TDt,
TDts, TDtsO. XoTs oHM MOJETHPYIOT OJWH M TOT
xe oowvekt — HII npumepno 5 ¢ tpeyronpHoit ®II,
HO Yy HUX IIPAKTUYECKU COBMAIAIOT TOJBKO MEPBHIC
WHBApHUAHTHI, BCE OCTAJIbHBIC XapaKTEPUCTHKHU pa-
3HbIC, TeH30pHI TDtSs, TDtsO He moa00HbI, HO YKBH-
BAJICHTHBI, T.K. OTHOCSATCA K OJHOMY M TOMY K€
00bekTy. [loaToMy mpHM HMCHOJIB30BAaHUU TEH30D-
HBIX MOJIEJIEH 3TOT (aKT HEOOXOMMO YUUTHIBATH.

CoOCTBEHHBIE 3HAYEHHUS:

TDts0 = [0 3.5108 0.135]T ,
TDts=[ 5.0 0 0]".
HNuBapuaHThI:
I =0 +3.5108+0.135=3.6458, 1 = 5.0+0+ 0=5;
I, =3.5108* 0.135=0.474, 1,=0;
|3 = 0, |3:0.
HII ¢ I'ayccoBoH, TpEyroJIbHOM U TpaneLyueBU-
nHoM @I m X TEH30pHBIE aHAJIOTH, IPEACTABIICH-

HbIE B BUJE JAMA/IHBIX TEH30POB C MaTpULIAMHU 9 x 9

U 3x 3, IpUBEEHBI Ha puc. 1 u puc. 2.
Tx=Xx® uy

MaremaTnueckuit 00BEKT

ux = [0,1],
MO3BOJIACT MNOJYYUTHb OOIIOJIHHUTCIIBHBIC 3HAHUA,
KOTOPBIC MOT'YT OBITh U3BJIEUEHBI U3 HEYETKOCTH U
HCIIOJIb30BAHBI KaK PE3YJIbTAT CTPYKTYPHUPOBAHUA

Ha3bIBaEMbIH m€H30p'n€p€M€HHOﬁ,

1

0.8

0B

0.4

0.2

Puc. 1. Ananusupyemoie ®II:
a) I'ayccoesa,06) mpeyzonvnas,

6) mpaneyueeuoHnasn
HEOTPEIEIEHHOCTH (3HAHMS, TOJy4YEHHbIE U3 He-
YETKOCTH) B BUJIE alreOpanyecKoil CUCTEMBI.

[Ipexxnie Bcero, oTMeTUM, YTO TEH30p, MOJTyYa-
eMbIii B pesynbTate Kronecker’oa npousBeieHus,
ABJIIETCS TaK Ha3bIBAEMBIM OUAOHBIM MEH30POM
[13], MmaTpuIila KOTOPOTO BCET/Ia SIBISIETCS KBajpa-
THOW pa3MepHOCTBIO nxn (N — pa3MEpHOCTh BEK-
TOPOB U3 TEH30PHOTO MPOU3BEICHHUS), BCE NUHBApHU-
aHTBl UAJHOTO TeH30pa (KpoMe MEpPBOTO) pPaBHBI
Hymo. Hanmomuum, uro 1-i uuBapuant (cien) s

MAaTPHUIIbI
a2

Lanl Ann J

n n
paBeH: TrA = Zi:laii = zizlfti , Tae A, — coOct-
BCHHBIC 3HAUCHUS MATPHIIBI 4.

Kaxnp1it TeH30p MOXKET OBITh pa3sIoKeH Ha CH-
MMETpUUHYI0 A" U KOCOCHMMETPHUYHYIO YacTH
Askw .

sym 1 T skw
A = Z(A+AT), A% =
2
rae A= A + A" ; nesuatopHylo A“ M M30TpO-

(A_AT)!

N |-

is0

IMUYECKYIO A™ 4HacTu:

iso

dev 1 1
A% = 4—=(Trda)l , A® = =(Tr4)1 ,
3 3

rae | — TeH30p MAEHTHYHOCTH, B Ga3MCHOM HOTa-
upu | =6.ee,, &, — cumBon Kronecker’a,
A=A" + A®™  OrmeruM, uto A*, A" moryr
paccMaTpMBaThCs Kak TEH30PHBIE (YHKIIUH, JIEBH-

atopHas A™ W m3oTpommuyeckas A" YacTH TeH-
30pa MpeACTaBIAI0T cO00M BapuabeabHyIO U KOHC-
TAHTHYIO 4acTU TeH30pa A, 4TO OCOOEHHO aKTya-
JBHO B YCIIOBUSX MOJIEJIMPOBAHUS HEOIPEACIICH-
HOCTH.

N3BecTHO, 4TO B TEOPUU U NMPAKTUKE IPUMEHEHUS
HM oco0yto pons UrparoT TpeyroybHble U Tparie-
nuesuansie OII B crily UX MPOCTOTHL U IIPO3pad-
HOocTU mpumeHeHus. Tensopueie monxenu HII ¢
TpeyroyibHbIMU DI npeacTaBiIsioT cO00i TEH30PbI
¢ marpuuamu 3x3. Jns NpuOIMIKEHHBIX BbIUHKC-
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JICHUW, KOTOpBIE COCTABJISIIOT OCHOBY HEYETKOU
MaTeMaTHKH, TPUOETal0T K TaKk Ha3bIBaEMOU ceep-
mKe TEH30POB,

n m

[l e

r)

n) e)

Puc. 2. Tenzopnwie ananocu HII ¢ @II: | — menzopvt c mampuueit 9 x 9,
Il — menzopwt c mampuuen 3 x 3; a), 2) — mpeyzonvnaa OII;
0), 0) — mpaneyuesuonaa @II; ¢), e) — 2ayccoea DI

B cooTtBerctBHM ¢ pabGoToii [14] omepamms momy-
YeHUs TEH30pa by, M3 TEH30pPa aix ., Ha3blBacT-

s c6epmul6éaHuem TEH30PA &y ., 10 UHIEKCAM | 1

J. ToyHO Tak e MOYKHO OIPEICIIUTH CBEPTHIBAHNE
TEH30pa ajk ., [0 JI000H APYroi mape MHIEKCOB.
[Ipyn kaxa0M CBEpPTHIBAHUU TEH30pa €r0 BAJICHT-
HOCTbh TOHWXAETCS Ha JBe eauHMIBL. Hampumep,
MIPU CBEPTHIBAHUU JIBYXBAJIEHTHOTO TEH30pa MONY-
YaroT TEH30p a;; HYJEBOW BaJEHTHOCTH, TO €CTh
VHBApHAHT, SBJIAIOLIMICSA cIeIoM TeH3opa [a;],

ai =tr([a;]) .

B oranume ot JAUaaHOoIro TCH30pa C ManPII.IefI
3x3, KOTOpPBII HMMEET TOJIbKO OJHWH HEHYIEBOU
MHBApHUAHT, CBEPHYTHIN TEH30p C TAKOM K€ MaTpu-
e, UMCCT BCC TPHU HCHYJICBBIX MHBApHUAHTA, KO-
TOPBIC UYCPE3 CO6CTBCHHI>IC 3HAUYCHUS TEH30pa
MMpEACTaBJIAKOTCA B BUIC:

Iy = A+ Ao+ A3, Vo = Jqdp + Aodg + A, |3 = 4dals,
WJIH B CIIeI0OBOH opme
Tr(A) =1y, TrA2) =17 = 21,,
Tr(A*) =17 =311, + 31;.

Omnepanusi cBepTHIBAHMS ABYX TE€H30pPOB COCTO-

HUT B UX YMHOXKXCHHUU U CBCPTHIBAHUU TTOJYYCHHOTI'O

B pe3yJIbTaTe€ YMHOXKEHHUSI T€H30pa IO HHJEKCaM,
MPUHAJIEKAIIUM Pa3HbIM COMHOXHUTEISIM. B pe-
3yJbTaTe€ CBEPTHIBAHUSI TEH30POB BAJICHTHOCTEH p
U ( IIOJy4YaeTcss TEH30P BAJCHTHOCTU (p+q-—2)
(Tak Ha3BIBaEMOE YMHOXKEHHE CO CBEpTKOM). OT-
METHUM, YTO CBEPTHIBAHHE TEH30POB MOKHO BBIMO-
JIHATH 10 JII000MY KOJIMYECTBY I' TAKUX Tap WHJCK-
coB. B pe3ynbTare 3T0ro cBepThiBaHUA MOJIYy4aeTCs
HOBBIM TEH30pP, BAJICHTHOCTh KOTOPOTO Ha 2I €/1u-
HUILl MEHbILIE CYMMBbI BaJICHTHOCTEH MCXOJHBIX Te-
H30pOB.

Tenzopnoe npeocmasnenue HII, 3a0annvix 6
ecmecmeennom 6ude. OOBEKTHl HCCIETOBAHUS
MOJKHO Tak)Ke IMpPEACTaBIsATh B BHUIE CTOJOIIOB
TaOIUIIBI, HATTPUMED:

i={X,-/H}(}a_>[xl M1 Xo o g3 Xy opi] >

(Xl 7y W
w0,

=)

TaKoe MPEJCTABICHHE OyIeM Ha3bIBaTh ecmecm-
~ J
gennbim, X ={x;/uj}— tx =[1; . dusa HII co cra-
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HaapTHO# TpeyroybHoi @PII (6e3 yuera YM) ume-
eM: )mef =(3 0;5 1,7 0). Crocob oOpazoBaHus

TII npuBOAUT K TOMY, YTO B IIEPBOM cilydyae (aua-
JHBIA TEH30p) U BO BTOPOM (E€CTECTBEHHOE IPEJ-
crasinenue HII), marpuna teH3opa A BbIpoKJeHa
(wn He sBISAETCS KBAaJApaTHOM) M oOpaTHas mar-
pulla HE CYLECTBYET, IO3TOMY CJIEIYET HCIOJIb30-
BaTh ncesdoobpamuyro Matpumy A, koTopas
ompenensercs Kak Takas Matpuna A’ uto AA'A =
A. TlceBnoOparHas MaTpuia — He €JMHCTBEHHAs U
€€ BMJI 3aBUCUT OT CII0c00a MOCTPOEHUs, JOMUHU-
pOBaHME INCEBIO0OPATHOW MaTpPUIbl B TEH30PHBIX
MOJENSAX  HEOMNPENEJICHHOCTH  MPEeAoIpenesieT
«MATKOCTB» BCEX BBIUMCIUTEIbHBIX MPOLIETY.
Oxeueanenmuvie u noo0oOHvie mampuyvl. JIBe
npsiMOyrosibHble MaTpullel A u B oxHolt pasmep-
HOCTH | x J 9K6UBAIeHmMHbl, €CIIN CYIIECTBYIOT Ta-
KHe KBaJIpaTHBIE MATPHIBI S, pa3MepHOCTH | x | ,
u T, pasmeproctn J x J , uto B = SAT.
OKeueanenmuovle Mampuybl UMeIom 0OUH U mom
Jce pane. JIBe mpsiMoyroJibHble MaTpulibl A u B
OHOM pasMepHOCTH N x N n0o000OHbI, eciu Cylie-
CTBYET Takasi HEBBIPOXKJEHHAas MaTrpuua [, 4To

B=T 'AT . Marpuna T Ha3bIBaeTcs Npeobpaso-
BaHueM moA00us. [logoOHBIE MaTpHIIBI WMEIOT
OJIMH U TOT K€ PaHT, CJell, ONPEeAETUTENb U CIEKTP
(omHAKOBBIE MHBApUAHTHI, OJJUHAKOBBIE XapaKTe-
PUCTHYECKUE MTOJIMHOMBI).

B pabote mokazano, uro marpuiel TII, momy-
YyeHHble B pesyiaprare  peanmsauuu T

T ,= X ® chf T , TJIe X — YCEUEHHOE NOIMHOKECTBO
VM, chf '

BBII cTonber Tabm.) M T, = X ® uy , uy — [0,1] —

— xapakTepuctuueckas (GpyHkmus (Je-

NpaBbIil CTONOEI] TAOIHIIBI, SBJISIOTCS TAKUMH, YTO
BCE WHBApUAHTHI, KPOME IEPBOTO, UMCIOT HYJICBBIC
3Ha4YCHUsI (OTMETHM, YTO HEOOXOJMMOE YCIOBHE
1oI00Us1 COCTOUT B COBIAJICHUH XapaKTepUCTHYE-
CKHUX TOJUHOMOB Matpuil A u B).

B THM nngs HM ,Z\, B OMPENICIIEHBI PacCTOsI-
Hus [4]: nuHeliHoe (XAMMMHTA) W KBaJIpaTHYHOE
(EBxnmma). B Kronecker’osoit anredpe ompenene-
Ha Hopma Hilbert-Schmidt (Taxxe Ha3piBaemast Ho-
pmoit  Frobenius’a), koTopas Ompenensercs Kak
I X =Y [°=Tr(X =Y)XX -Y)"), rae X, Y — mar-
punbl Ha R pa3MepHOCTbIO nxm. DTta npoliema
U3BECTHA Kak npobiema onudcariue2o
Kronecker'osa npouseedenus, B paboTe HOpMa
Frobenius’a npuHuMaeTcss Kak pacCTOSIHUE MEXIY
MaTpHUIAMH.

Anrebpanyeckue onepauuu
B Kronecker’-oBown anrebpe

IIpexne Bcero, KOPOTKO NPEICTaBUM OIIpese-
nenusi Kronecker'oBsix onepaTopoB MpOU3BEACHUS
U CyMMBL. s UX JETanbHOTO MaTeMaTHYECKOTO
OINHMCaHUs ClieAyeT o0Opatutbesi K padote [15].

[Iycts
A:(a“} u B :[bijj

JBE MaTpulbl HOpsJKa nlxn2 M mlxm2 COOT-

BETCTBEHHO. Kronecker'oso MIPOU3BEICHNE
C = A® B eCcTb TakuM, 4YTO:
(anB "alnsz

TeH3opHas cymma onpesesieHa TOJIbKO JUIsl KBa-
JpaTHBIX MAaTpHIl, TEH30pHAas cyMMa A ® B IBYX
KBaJpaTHbIX Matpull A u B omnpenenena B TepMu-
Hax TEH30PHOT0 MIPOU3BEICHUS KakK:
A®B=A® I, +..+1,®B, Taec N — nopsaoK Ma-
Tpuilel A, M — nopsiiok matpuisl B, I, u Iy — mat-
pUILBI UIEHTUYHOCTH TOpSAIKa N U M COOTBETCT-
BEHHO, «1» — OOBIUHBII omepaTrop MaTPUYHOTO
cnoxenus. [Ipsimast cyMmMa TeH30poB (MaTpull T€H-
30pOB) B OJIOK-TMArOHALHOM hOopMe UMEET BU:

A@B:[(A)ﬂ (O)QJ:

)y (B)

)
0 1 b bz )|
LLS OJ Lbn Do b J

b 31 b 32 b 33
JlerepMHHAHT NPAMOU CyMMBI —

det( A® B) = (det A)(det B),
CJIeq HpHMOfI CYMMBI —
Tr(A® B) = (TrA)(TrB) .
I[eTepMI/IHaHT TCH30PHOT'O IIPOU3BCACHUA —
det( A® B) = det( A)" det( B)"
CJICO TCH30PHOI'O NPOU3BCACHUSA —
Tr(A® B) = (TrA)(TrB) .
YacTo BO3HHUKAET H606X0,[[I/IMOCTB pa60TBI C

TII, y KOTOpBIX MaTpHUIbl COAEPHKAT TOJIBKO IO OJI-
HOMY HEHYJIEBOMY 3JIEMEHTY, HaIlpUMED,

0 0 0 0
1= g, = .
0 dgan 0 dgi
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Tenzopnas cymma (g; ® g,) B OTOM CIllydae JIBOiiHasl CBEpPTKA MOJIYYEHHOTO BBIPAXKECHHS J1a-
onpejieNAeTcs TAKUM 00pa3oM: €T (g;+ g2), TO €CTh COBIAJAECT C €CTECTBEHHBIM
npeJcTaBlIeHUEM. MaTpUYHOE UCUYHUCIIEHUE JIeIacT

(O 0 J@ (O 0 J: UCII0JIb30BaHUE OIEPAaTOpa BEKTOPU3ALMU MaTpPHULL

0 gu 0 9giz vec u omeparopa Kronecker'osa mnpousseneHus

oueHb BaxHbIM. OnepaTop VEC BEKTOpPU3YET MaT-
puLly, «CKaabiBas» ee B croslen (IIpHU corJjale-
0 HUH, YTO KOJIOHKA MpeAIIecTByeT cTpoke). [Ipumep
0 paccMOTpEeHHBIN  anredpanyeckux MpeodpazoBa-
uuit B Kronecker’'osoit anrebpe mpejcraBjieH aa-

0 O 1 0 1 0
= ® ®
(0 gil} (0 1] (0 J (
0 0 0 W nee.
g O 0 |
0 0 J

(
|
|
LO 0 i1 + Ji2

o O

Ilpumep.
3amansl q8e HIT: <npumepno 5> — 5A{3/0,5/1,7/0} n
<npumepHo 1> — ~7&{3/0, 5/1,7/1,9/0} ,Tne é — PaBHO 10 OIIPEAEIICHUIO.

Brruuciauts B TeH30pHOM 0Oaswuce:
<npumepHo 5> © <npumepno 7> W1 <npumepHo 5> & <npumepHo 7>.

1°. Onpenensiem TII — ananoru HIT <npumepro 5> u <npumepho 7>:

~ (0 0 0)
5-{3/0,5/1,7/0}> T®=[357]®[010]"=!3 5 7

LoooJ'

(oooow
5 ) _ T_13579
7={3/0,5/1,7/1,9/0} > TV =[3579]®[0110] —|3579|.
| |
L0000
MOOOW (oooon
(0000) 11357 (0000
000 3 LoooJ Loooo}
) 1 (1) ( W 3579 ((T(s) () w | |
TPeT1"=Ci=1357 @|, 0 = , o =|(ooo) (oooow.
LOOOJ |K0000)| L(O)a (r )J ||ooo| |3579||
||000| |3579||
L\OOO} KOOOO)J
(00000000 0000 0)
0 0 000000000 0,
0 0 0 0 000000 0 0|
00 0 000 0 00 0 0 0|
(ooow fOOOO) 0 0 0 0 0 0 0 0 0 0 0 0 |
P TO TN _c _l3571e|3°79 |9 15 21 27 15 25 35 45 21 35 49 63|
w 3579
LOOOJ | | lo 15 21 27 15 25 35 45 21 35 49 63 |
\0000) iooooooooooooI
00 00000000 0 0,
0 0 0 0000000 0 0|
0O 0 000 0 0 00 0 0 0
Lo 0 0 0 00 0 0 0 0 0 oJ

CsoiicTBa TCH30pa, OCTAOINECd HCU3MCHHBIMU CHCTEMOM €ro HWHBAPUAHTOB, KOTOPBIC 3aBUCAT OT
npu Hp606pa30BaHI/I}IX KOOpAUHAT, OIIPCACIAIOTCA KO3(I)(I)I/II_II/IGHTOB XapaKTCPpUCTUUCCKOTO YypaBHC-
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Hus. VHBapuaHTBl 3TO KOHCTAHTHI, 3HAYEHUS KO-
TOPBIX COXPAHSIOTCSA MPU CMEHE CHCTEMBI KOOP.IHU-
HaT. BO3MOXXHOCTH 3aMeHBI aHalM3a HeoIpese-
JICHHOCTH, TPEJCTaBICHHON TEH30pOM, aHAIN30M
€ro WHBAapHAHTOB, OTKPHIBACT HOBBIE MYTH IS
pelIeHNH 3aj7a4d YIpaBJICHUS B YCIOBUSAX HEOIpPE-
neneHHocTH. OTMETUM, YTO 3HAUCHHS CIIC/IOB
5 7
C.=TPe1", Trc.=17)u(C, =T07"
, TrC,, =60)
COBIAMAIOT C Jehaa3uPUIIMPOBAHHBIM 3HAYCHUEM
cymmbel u npousseaenus HII <npumepno 5> n
<npumepro (>, TO €CTh
5+4;7=12, 5%(7=60.

B o6mem ciygae mst HIT X = {x;/ x*}_,; TeH-

30pHOE TMPOU3BEACHHUE BEKTOPOB [X;]®[1*] 00-

JIaJae€T CBOMCTBOM, YTO ciexm tr([x;]®[x*']) coB-
nagaeT ¢ aedamuduimpoBanHeiM 3HaueHneM HIT

X, def (X)=3 | xiu® Y u =1

BbiBoAbl

[IpemioxkeHo npeacTaBiIsITh OOBEKT B YCIOBHSIX
HeonpeneneHHoct, B T.4. HII, TeH3opHbIMU MoO-
nensiMu, popmMupyeMbiMu Kak TeH30opHOE (Kpone-
KepoBo) npousBeaeHre komnoneHt HII (3nauenue
® @II) unu kak maccus “3HaueHue - GII 7, pazme-
PHOCTBIO 2XN, Te N — KOJIMYECTBO Q-YpOBHEH B
npeacrasieann HIT wmnym koimMuecTBO 3HAYEHHI,
KOTOPBIMH TIpencTaBisieTcs o0bekT. Ilpemnoxen-
HBIM TIOXOJ1 TO3BOJISIET, C OJTHOM CTOPOHBI, paccMa-
TpUBaTh OOBEKT B YCJOBHUSX HEOIPENEICHHOCTH
6e3 obOs13aTenbHOTO Henonb3oBanus @II, ¢ gpyroi,
no3BoJisieT Bce onepanuu Haa HIT BeimonHATH Ha
ypoBHE (HOPMaJIbHBIX MOJIENEH MATPUYHOTO HCUU-
cleHus 6e3 HeoOXOJUMOCTH MPUMEHSTh Pa3HO00-
pa3HbIE 3BPUCTUYECKHE TPUEMBI U PUHIUIIBI TUIIA
MPUHIIMIIA HEYETKOTO PACIIUPEHUs s MOSICHEHUS
U HehopMaIbHOTO OOOCHOBAaHUS MPHUMEHSIEMbIX
METOIO0B U MOJIEJIEI.
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